We introduce a formalism to track magnetic energy transfer between spherical harmonic degrees due to the interaction of fluid flow and radial magnetic field at the top of the Earth's core. Large-scale synthetic single harmonic flows are characterized by a fixed difference between harmonics participating in the transfer. Large-scale toroidal flows result in more local energy transfer than small-scale poloidal flows. Axisymmetric poloidal flows are most efficient in producing energy transfer and dipole changes. The azimuthal phase relation between the field and the flow may play a major role in the energy transfer. Geomagnetic energy transfer induced by core flow models exhibit a striking transfer spectrum pattern of alternating extrema suggestive of energy cascade, but the detailed transfer spectrum matrix reveals rich behaviour with both local Kolmogorov-like transfer and non-local transfer, the latter about twice larger. The transfer spectrum reverses from even maxima and odd minima between 1840 and 1910 to odd maxima and even minima between 1955 and 1990. The transfer spectrum matrix shows geomagnetic energy cascade from low to high degrees as well as non-local transfer from the dipole directly to higher degrees, explaining the simultaneous dipole decrease and non-dipole increase during the historical period.
I N T RO D U C T I O N
The geomagnetic field is generated by convection-driven flow of an electrically conducting fluid at the Earth's outer core. Measurements of the geomagnetic field and its secular variation (SV) may provide vital constraints on core dynamics. Geomagnetic field models based on surface observatories and recent satellite data Olsen & Mandea 2008) show that the radial field at the core-mantle boundary (CMB) is dominated by an axial dipole component. Since the advent of geomagnetic measurements about 170 yr ago, the geomagnetic dipole intensity has been rapidly decreasing . The rate of dipole decrease has been varying significantly with time ( Fig. 1) .
Efforts to unravel the kinematic mechanisms responsible for the current dipole decrease focused mostly on a local-spatial approach. Gubbins (1987) used the integral form of the axial dipole m z ∝ S B r cos θ dS (where B r is the radial geomagnetic field on the CMB, θ is co-latitude and dS is a surface increment of the CMB) to identify CMB regions that provide positive/negative contributions to the axial dipole. He argued that the growth and intensification of reversed flux patches, especially below the southern Atlantic, are responsible for most of the dipole decrease. Emergence of reversed * Now at: LGL, Laboratoire de Géologie de Lyon, CNRS, Université Lyon 1, ENS-Lyon, Géode, 2 rue Raphaël Dubois, 69622 Villeurbanne, France. flux patches on the CMB and their deep core upwellings origin have been identified in many numerical dynamos as triggers to dipole collapse and subsequent polarity reversals (Wicht & Olson 2004; Takahashi et al. 2007; Aubert et al. 2008; Olson et al. 2009 ). Following Moffatt (1978) , derived an integral equation for mapping advective and diffusive contributions to axial dipole SV. They found that the combined effects of growth of reversed flux by magnetic diffusion, poleward advection of reversed flux and equatorward advection of normal flux by the flow, have worked in unison to decrease the dipole. Liu & Olson (2009) proposed a power law for the dipole decrease rate as a function of the magnetic Reynolds number.
Alternatively, dipole changes can be studied via a spectral approach. Degree-time plots obtained from numerical dynamo models show that during reversals the peak of poloidal magnetic field energy on the outer boundary moves progressively from the dipole to higher degrees, which is suggestive of a forward magnetic energy cascade Amit & Olson 2010) . Gissinger et al. (2010) argued that reversals in their low magnetic Prandtl number forced magnetohydrodynamic (MHD) simulations can be approximated by a simple set of differential equations representing energy exchange between the dipole and the quadrupole. Amit & Olson (2010) designed a spectral approach for studying dipole SV, and more generally, temporal variations in the Mauersberger-Lowes geomagnetic spectrum. They manipulated the radial magnetic induction equation to an equation for the SV of the Mauersberger-Lowes spectrum. Motivated by classical turbulence theory, they assumed that magnetic energy is transferred locally between neighbouring spherical harmonic degrees. Their spectral transfer rates showed a persistent inverse energy cascade in the quadrupole family and a time-dependent forward energy cascade in the dipole family, consistent with the observed simultaneous dipole decrease and non-dipole increase during the historical era.
The local transfer assumption adopted by Amit & Olson (2010) is supported by non-magnetic and MHD turbulence theory and simulations. According to the classical turbulence theory of Kolmogorov, energy cascades between similar size eddies without major jumps between distinctive length scales (Kolmogorov 1941; Batchelor 1953; Frisch 1995) . The energy at a certain degree is statistically decoupled from any large-scale energy source and is determined solely by the rate of energy transfer across the inertial range (Moffatt 1978) . Numerical simulations of the time evolution of kinetic and magnetic energy and helicity (Pouquet et al. 1976 ) and helical kinematic dynamos (Mininni 2007) show that magnetic energy is progressively excited at larger scales as time increases, thus intensifying the large-scale field by inverse cascade of magnetic helicity. Numerical MHD simulations of turbulence find both local Kolmogorov-like and non-local transfers (Yousef et al. 2007; Mininni 2011) . Forced MHD turbulence simulations show local magnetic energy transfer (Alexakis et al. 2005a; Carati et al. 2006) . Local magnetic energy transfer was found to be associated with energy cascade by magnetic field advection, whereas non-local transfer was found to be associated with energy injected from the large scales directly into the small scales by magnetic field stretching induced by the poloidal flow (Alexakis et al. 2007 ). Amit & Olson (2010) argued that because the core flow is dominantly toroidal (see Finlay & Amit 2011 , and references therein), local transfer is expected to dominate geomagnetic induction at the top of the core. Mininni (2011) summarized based on turbulence MHD simulations that the transfer of magnetic energy from one degree to another seems dominantly local, whereas non-local effects are more dominant in the transfer from kinetic to magnetic energy that generates the dynamo.
How important is the role of classical 3-D isotropic, homogeneous turbulence in the geodynamo? According to the very small estimates of the Rossby number in the Earth's core (Olsen & Mandea 2008) , turbulence is expected to be negligible compared to rotational effects. However, estimates of the local Rossby number that rely on eddy size rather than system length scale suggest that turbulence in the Earth's core is nearly as important as rotation, and that inertial effects may play an important role in polarity reversals (Christensen & Aubert 2006; Olson & Christensen 2006) . Alternatively, it is possible that boundary layer control rather than force balance determines the competition between turbulence and rotation. King et al. (2009) argued based on experiments and numerical simulations that the relation between the Ekman and thermal boundary layer thicknesses dictates whether the flow will be organized in equatorially symmetric columns or in random 3-D structures. According to their scaling laws, the Earth's core is not far from the transition between the rapidly rotating regime to the turbulent regime.
Direct evidence for turbulence in the core is difficult to obtain. The geomagnetic field reversals time-series can be fitted by a lognormal distribution that is suggestive of 'multiplicative noise' in the geodynamo due to a turbulent α-effect (Ryan & Sarson 2007) . King et al. (2009) illustrated that deviations from equatorial symmetry may suggest the presence of turbulence in a rapidly rotating system. Some core flow models inferred from inversions of geomagnetic SV show persistent deviations from equatorial symmetry, most notably westward drift in mid-latitudes of the southern hemisphere without a northern counterpart (Jackson 1997; Pais & Hulot 2000; Holme & Olsen 2006) . Quasi-geostrophic core flow models which assume equatorial symmetry were found capable of explaining the SV (Pais & Jault 2008; Gillet et al. 2009 Gillet et al. , 2011 . The core flow models of Schaeffer & Pais (2011) obtained without imposing equatorial symmetry contain 66-84 per cent (depending on the length scale) symmetric kinetic energy, that is, the flow is about half way between purely symmetric to equally symmetric/antisymmetric. Deviations from equatorial symmetry might also arise from the impact of the lower mantle heterogeneity on the geodynamo (Aubert et al. 2007; Gubbins et al. 2007) , though possibly only on long timescales (Olson & Christensen 2002) . The symmetry level of the flow in the Earth's core is still under debate.
In this paper, we introduce a formalism to track magnetic energy transfer between different spherical harmonic degrees in the Mauersberger-Lowes spectrum, which can be useful in identifying Kolmogorov-like turbulence signature at the top of the core. We forward solve the radial frozen-flux magnetic induction equation for a given flow and radial field models. The SV is transformed to Gauss coefficients, and in conjunction with the field Gauss coefficients, the energy transfer between each pair of spherical harmonics within the observed spectrum is calculated. We apply our formalism to synthetic flows for intuitive physical understanding, and to core flow models inferred from the geomagnetic SV for geophysical interpretation. Our approach allows to test the local transfer assumption of Amit & Olson (2010) and to examine the possibility that the current geomagnetic dipole decrease is caused by a forward magnetic energy cascade. Furthermore, our method sheds light on the overall variability of the large-scale geomagnetic field spectrum during the historical period.
For given flow and field models, admissible magnetic energy transfers are constrained by the selection rules of the Gaunt and Elsasser integrals (Elsasser 1946) . These rules dictate whether a certain flow is capable of converting toroidal magnetic field to poloidal and vice versa, and are therefore fundamental to kinematic dynamo theory (Bullard & Gellman 1954) . Kahle et al. (1967) used the Gaunt and Elsasser integrals to invert for the flow at the top of the core from geomagnetic field and SV models. Whaler (1986) used the triangle rule to relate the maximum spherical harmonic degree of the flow with the sum of maximum degrees of the field and its SV. For our purposes, the selection rules are used to verify the validity of the energy transfers generated by synthetic flows.
Assessing energy transfer from the interaction between the core field and flow is obviously prone to errors due to uncertainties in these models. The historical field model gufm1 of Jackson et al. (2000) might suffer from problems of insufficient data coverage and poor data quality. In general, geomagnetic field models constructed from observations are not constrained to obey the MHD equations and energy conservation is not implicit. Much more severe is the case of core flow models inferred from the geomagnetic SV, which are prone to numerous theoretical and practical sources of errors (Holme 2007) . Any inference concerning the behaviour of the geomagnetic energy transfer during the historical period should therefore be taken with caution.
In addition, our analysis ignores the contribution of magnetic diffusion to the temporal changes of the geomagnetic energy spectrum. Magnetic diffusion SV is expected to be a localized phenomenon (Amit & Christensen 2008) , so its impact on the large-scale spectrum is arguably secondary. Based on free decay formalisms using fundamental modes, magnetic diffusion was found to be generally negligible (Amit & Olson 2010) . Nevertheless, the contribution of magnetic diffusion to the temporal changes of the geomagnetic spectrum is unknown.
The paper is outlined as follows. In Section 2 we describe our formalism, method, error estimates and graphical visualization of the results. Our energy transfer solutions for synthetic and core flow models are given in Section 3. We discuss our main findings in Section 4.
T H E O RY A N D M E T H O D
The Mauersberger-Lowes spectrum at the CMB is one of the primary outputs of the dynamo process in the core (Dormy et al. 2000) . The magnetic field spectrum R n at the CMB can be expressed as a function of spherical harmonic degree n in terms of the Gauss coefficients of the core field as (Lowes 1974 )
where a is the Earth's radius, c is the radius of the core and g m n and h m n are the Gauss coefficients of the core field at spherical harmonic degree and order n and m, respectively. The total magnetic energy is given by
where B r is the radial magnetic field on the CMB, n max is the truncation level, and denotes CMB surface average. Similar to (1), the definition of the SV spectrum at the CMB is given by (Alldredge 1984; McLeod 1996; Voorhies 2004 )
where the dots denote time derivatives. Using (1), the temporal variation of the field spectrum is written as (Cain et al. 1989) R n = 2 (n + 1) a c 
From (2), the temporal variation of the total magnetic energy is
Note thatṘ n has units of μT 2 yr −1 , whereas S n has units of μT 2 yr −2 . Moreover, S n is positive by definition, whereasṘ n may acquire both signs. While R n and S n define the energy at each spherical harmonic degree of the field and SV, respectively,Ṙ n is the rate of change of the energy at each degree. Fig. 2 shows the three spectra for three arbitrary snapshots from the geomagnetic field and SV model gufm1 of Jackson et al. (2000) . From hereafter, we shall consider the field model up to degree (solid: 1900, dotted: 1940, dashed: 1980) of geomagnetic spectra from gufm1 as a function of spherical harmonic degree: (a) R n in μT 2 in log-scale; (b) S n in μT 2 yr −2 in log-scale; (c)Ṙ n in μT 2 yr −1 in linear scale.
n max = 8 to avoid biases due to variations in data quality and spatial resolution with time (Holme et al. 2011) . Fig. 2(a) demonstrates the well-known dipole-dominated geomagnetic field spectrum with decreasing power towards higher harmonics. The SV spectrum in Fig. 2 (b), in contrast, is increasing with n, so the dipole SV contains less energy than the SV in the higher harmonics. The rate of change of the dipole energyṘ 1 is negative (Fig. 2c) , reflecting the historical decrease in dipole intensity (Gubbins 1987; . Interestingly, although the energy in the dipole change is smaller than in the higher harmonics, that is, S 1 < S n =1 , the rate of change of the dipole energy is in most periods the largest, that is, |Ṙ 1 | > |Ṙ n =1 |. In most casesṘ n =1 are positive, representing the non-dipole increase that accompanies the historical dipole decrease (Amit & Olson 2010) .
For incompressible flow, the radial component of the induction equation just below the CMB where the radial velocity vanishes iṡ
whereḂ r is the time derivative of the radial magnetic field on the CMB, u h is the free stream tangential fluid velocity vector at the top of the core, η is the magnetic diffusivity of the outer core,r is the radial unit vector and B is the magnetic field vector. The subscript h denotes the direction tangent to the spherical CMB surface:
Assuming that magnetic diffusion is negligible with respect to magnetic field advection by the flow (Roberts & Scott 1965) , (6) becomeṡ
Amit & Olson (2010) have shown that the radial magnetic induction equation can be recasted to a time-evolution equation for the magnetic energy spectrum. In the frozen-flux limit, their eq. (8) is simplẏ
where T n is the transfer spectrum representing magnetic energy transfer induced by the flow. The tangential fluid velocity at the top of the core can generally be written as
where T and P are toroidal and poloidal flow potentials, respectively. The tangential flow components are then given by
where r, θ, φ are the radial, co-latitude and longitude spherical coordinates. Eq. (7) can be written in terms of T and P aṡ
We consider two types of flows. First, synthetic flows are constructed from single spherical harmonics as T = AT mc n or T = AT ms n , where A is the flow amplitude, T m n is the associated Legendre polynomial and the superscripts c and s denote cos mφ and sin mφ, respectively. The same nomenclature applies for the poloidal potential, P = AP mc n or P = AP ms n . In all cases, we tune A so that the maximum flow is arbitrarily set to 10 km yr −1 , allowing comparison between the efficiency of different synthetic flows to generate T n . We use the field at 1980 from the historical model gufm1 (Fig. 3 ) for comparing the behaviour of energy transfer produced by different synthetic flows.
Secondly, frozen-flux core flow models inferred from inversions of geomagnetic SV data are investigated. We use the helical core flow model of Amit & Olson (2004) , which assumes a linear relation between the tangential flow divergence ∇ h · u h and the radial vorticity ζ at the top of the free stream
where the minus/plus signs apply in the northern/southern hemispheres, respectively, and k is a constant. We choose flow models obtained with k = 0.15 that was found to optimize the agreement with the observed length of day variation record . As described in Amit & Olson (2004) , the toroidal and poloidal flow potentials were computed from a set of advection-diffusion equations based on (12) and (13) and solved on a regular spherical grid. Single epoch flows between 1840 and 1990 in 5 yr intervals were inverted based on the historical geomagnetic SV model from gufm1. Here, the field models of the respective periods are used. We note that the local numerical scheme used to infer the core flow models does not impose any spectral constraint (Amit & Olson 2004) . To calculate magnetic energy transfer from one degree to another, we track the interactions between each spherical harmonic degree n of the radial field with the full flow u h . The total radial field on truncated at spherical harmonic degree n max = 8. the CMB is given in terms of the Gauss coefficients by
where P m n are the Schmidt semi-normalized Legendre polynomials. We calculate the contribution toḂ r from the advection of the radial field of degree n B n r by the flow u h using the frozen-flux radial magnetic induction eq. (12). Note that this interaction in general may contain all spherical harmonics. We then apply a spectral transform to obtain the SV Gauss coefficientsġ m n andḣ m n , and in conjunction with the field Gauss coefficients g m n and h m n we compute the energy transfer based on (4) and (8). We denote as T n →n the energy change of degree n due to the interaction of the degree n field B n r with the total flow u h . The net energy transfer between degrees p and n is the matrix component
where p < n. The physical meaning of (15) is that energy may be transferred from degree p to degree n and vice versa, and the net balance is the difference between the two transfers. If T pn is positive net energy is transferred from the lower degree p to the higher degree n, whereas if T pn is negative net energy is transferred from the higher degree n to the lower degree p. The matrix T pn therefore contains only the terms above the main diagonal, because the terms below the main diagonal are folded into the net transfer, and the main diagonal itself represents energy transfer within a degree (e.g. from the axial to the equatorial dipole). Local transfer is represented by the diagonal just above the main diagonal in T pn (i.e. n = p + 1). To assess the role of non-local transfer, we calculate the ratio of absolute local to non-local transfers
We repeat these calculations for all degrees from n = 1 to n max . Apart from the matrix T pn , we also calculate the integrated magnetic energy change by advection for each degree strictly due to transfer within the observed spectrum n max ≥ n ≥ 1, from hereafter denoted by T n (N max 1 ), as
Finally, we also compute the overall change following (4) by calculating the SV from the interaction of the full field B r with the full flow, from hereafter denoted by T n (N max 1
, that is, energy transfer from the observed spectrum N max 1 to the entire spectrum N 1 . Note that the latter includes energy leaking from n ≤ n max to n > n max , whereas T pn and T n (N max 1 ) contain strictly energy transfers within n ≤ n max .
For all forward calculations of the radial frozen-flux magnetic induction equation we use a spatial grid step of 5
• . The spectral transforms are performed until degree and order 10, but we consider only degrees n = 1-8 from which the core field model was constructed. To test the precision of our numerical scheme, we first consider two simple synthetic flows. In case 1 (see Table 1 ), solid body rotation with respect to the rotation axis T 0 1 uniformly advects the field to the west. The SV contains azimuthal phase variations only, so the power in each degree is unchanged. This can easily be demonstrated analytically. For example, substituting T = AT 0 1 and a dipole field into (12) giveṡ fig. 3c ).
The known solutions in cases 1 and 2 allow testing the accuracy of our numerical scheme. In these cases the matrix components T np representing the net energy transfer, the total change for each degree strictly due to energy transfer within the observed spectrum T n (N 8 1 ) and the overall change including energy leaking from the observed spectrum to degrees beyond n max = 8 denoted by T n (N 8 1 → N 1 ) are expected to be zero, so non-zero values in these quantities are numerical errors. Compared with a reference value, given in case 2 by the contribution of the term g 0 1ġ 0 1 to T n , the maximum numerical error in case 2 is ∼2.2 per cent. In case 1, where the reference value is the contribution of the g 1 1ġ 1 1 term, the maximum numerical error is 0.2 per cent. The relative error in case 2 is larger than in case 1 because the large g 0 1 term participates in the SV in case 2 but not in case 1. Overall, simulating a zeroṘ n is most stringent, and is likely to yield the largest relative numerical errors. The maximal ∼2 per cent error reported here should therefore be considered as an upper bound relative error estimate.
R E S U LT S

Synthetic flows
We begin by analysing the magnetic energy transfer due to the interaction of simple synthetic single harmonic flows with the geomagnetic field. As stated earlier, we use for all synthetic flow cases the geomagnetic field model gufm1 of Jackson et al. (2000) for the year 1980 expanded until spherical harmonic degree n max = 8. We focus on flows symmetric to the equator that are often considered more geophysical due to the dominance of rotational effects in the Earth's core. In addition, we consider some antisymmetric flows that are suggested by some core flow models inferred from inversions of the geomagnetic SV. We note that for the synthetic flows the sign of the circulation is arbitrary; A change of sign for the flow would result in a change of sign for all components of the matrix T pn , so that if flow T m n yields dipole decrease, flow −T m n would yield dipole increase. A summary of the synthetic flows and some statistics of the results are given in Table 1 .
While the differential rotation in case 1 may be important for the dynamo generation, such a flow does not yield any poloidal energy transfer at the top of the core. The next equatorially symmetric toroidal flow is T 1c 2 (case 4). This flow is comprised of two pairs of vortices, a cyclone and an anticyclone, in each hemisphere. The meridional flow, which is the sole component that may cause axial dipole changes , is equatorward in φ = 90
• W and poleward in φ = 90
• E. The main SV structures are related to the meridional advection of the two intense high-latitude geomagnetic flux patches in the northern hemisphere (Fig. 4a) , which are in-phase with the flow. The reduction of the axial dipole by the southward advection of the north American patch is balanced by the dipole strengthening due to the northward advection of the Siberian patch. In the southern hemisphere, the two normal flux patches yield little SV due to the weak meridional field gradient associated with the patch below the Indian Ocean and the off-phase relation with the flow of the patch below the Pacific. However, the equatorward advection of the reversed flux patch below Patagonia (Fig. 4a ) results in a net dipole increase (Fig. 4c) .
Our spectral transfer analysis of case 4 indicates that practically all the dipole increase is due to net energy transfer from the quadrupole (Fig. 4b) , which is simultaneously decreasing (Fig. 4c) . This transfer between degrees 1 and 2 can be demonstrated analytically. Substituting an axial dipole field and the T 
The coefficientḣ 
The first two terms on the right-hand side of (20) to T 2→1 , add up to a negative T 12 corresponding to a net energy transfer from the quadrupole to the dipole (Fig. 4b) , to a dipole increase and to a quadrupole decrease (Fig. 4c) .
Overall, the magnetic energy transfer is dominantly local in this case, that is, the difference between the degrees involved in the transfers is n = 1 (Table 1 ). An inverse energy cascade is seen continuously throughout almost the entire spectrum, except for forward cascade from n = 5 to n = 6. In all degrees, however, the transfer is always local between neighbouring harmonics. Moreover, the integrated energy transfer within the observed spectrum T n (N 8 1 ) and the total advective change T n (N 8 1 → N 1 ) are well correlated (Fig. 4c) , so the energy leaking out of the observed spectrum plays a secondary role in the large-scale kinematics.
The largest scale symmetric flows that generate kinematic dynamos were found based on linear combinations of T (Kumar & Roberts 1975; Gubbins et al. 2000a,b) . The poloidal flow P 2c 2 of case 5 is comprised of two equatorial sources and two equatorial sinks, with saddles in the poles. The meridional flow at 90
• E and 90
• W (the longitudes of the equatorial sources) advects the two northern hemisphere high-latitude intense flux patches poleward (see the two large positive SV structures in Fig. 5a ), thus strengthening the axial dipole (Fig. 5c ). This dipole increase is due to energy transfer from degree 3 (Fig. 5b) . Substituting an axial dipole field and the P 
demonstrating that the SV due to such a field-flow interaction indeed results in a strong degree 3 coefficientġ 2 3 . Changing the phase of the flow may be important. The P 2s 2 flow is off-phase with the northern hemisphere normal flux patches resulting in bipolar SV structures due to westward drift that does not affect the axial dipole. In the southern hemisphere the distance between the two normal flux patches is such that one patch is advected poleward while the other is advected equatorward, resulting in a weak net dipole change (Table 1). In both cases 5 and 6, the energy transfer is strictly between harmonics differing by n = 2, in agreement with the selection rules of the Gaunt and Elsasser integrals (see fig. 5c of Bullard & Gellman 1954) . In case 5, the largest net energy transfer is from n = 3 to the dipole (Figs 5b and c) ; In case 6, the energy is transported forward from degrees 3, 4 and 5 to degrees 5, 6 and 7, respectively, resulting in a minimum in T 3 and a maximum in T 7 (not shown). Also note that in both cases the dipole increases when accounting for energy transfer strictly within the observed spectrum, but the dipole change is much smaller when including the energy escaping from the observed spectrum to higher degrees.
To investigate the impact of small scales on the magnetic energy transfer, we consider case 7 with a toroidal T 4c 5 flow. The resulting SV is characterized by somewhat smaller scales than in the previous cases (Fig. 6a) . More importantly, the transfer is less local, and the difference between the harmonics involved in the transfer is not fixed, ranging n = 2-4. The most significant energy transfer is from n = 7 to n = 5 (Fig. 6b) , resulting in a minimum in T 7 (Fig. 6c) .
We also examine two antisymmetric flows, one toroidal and one poloidal (see Table 1 ). The poloidal flow P 0 1 of case 8 is all northward from a south pole source to a north pole sink. The transfer is purely local (Table 1) , as prescribed by the selection rules that permit either poloidal-to-poloidal magnetic energy transfer between neighbouring degrees or poloidal-to-toroidal within the same degree (see fig. 4 of Bullard & Gellman 1954) . The toroidal flow T 0 2 (case 9) is zonal with a north-south shear, so that the motion is eastward/westward in the northern/southern hemispheres, respectively. In such a purely zonal motion, dipole changes are excluded to the equatorial component (Amit & Olson 2008 ). The energy transfer in this case is local, that is, between neighbouring harmonics (Fig. 7b ). An inverse magnetic energy cascade appears from degree n = 4 to the dipole and from degree n = 7 to n = 5, with the exception of a forward transfer from degree n = 4 to n = 5, resulting in a minimum in T 4 (Fig. 7c) .
Core flows
We now implement our formalism to calculate the geomagnetic energy transfer induced by core flow models. As stated earlier, we use the purely helical core flow model of Amit & Olson (2004) obtained from inversions of geomagnetic SV from gufm1 in 5-yr intervals during the period . In addition to the two integrated quantities, one of magnetic energy transfer strictly within the observed spectrum T n (N 8 1 ), and the other of magnetic energy transfer from the observed to the entire spectrum T n (N 8 1 → N 1 ), we also consider the observed changeṘ n calculated based on the geomagnetic field and SV Gauss coefficients (red solid line in Fig. 8 ). The observedṘ n differs from T n because the latter is affected by the SV misfit of the core flow models. In addition, magnetic diffusion is likely to affectṘ n (Holme & Olsen 2006; Holme 2007; Amit & Christensen 2008) . In contrast, it is possible that inverted core flows cannot mimic magnetic diffusion (Holme 2007) , and unmodelled diffusive effects are absorbed by the SV misfit (Rau et al. 2000) . If this is indeed the case, our calculated transfer spectrum T n may indeed represent the transport of energy by the flow. Fig. 8 shows the temporal evolution of the three quantities for each spherical harmonic degree. Overall, the three quantities follow similar trends, suggesting that the geomagnetic energy leakage outside the observed spectrum, the energy change due to interactions of small-scale flow with large-scale field and of small-scale field with large-scale flow, the SV misfit of the core flow models and the impact of magnetic diffusion on the shape of the geomagnetic field spectrum, are all secondary in the interpretation of the geomagnetic energy transfer. The largest discrepancies among the three curves seem to appear in the dipole term. In addition, the dipole change curve contains higher frequencies than the higher harmonics, highlighting the challenging task of investigating dipole variability. The quadrupole energy rate of change is the smallest in magnitude. Higher harmonics often display relatively long periods of either steady or linear trends, possibly due to the stronger temporal regularization of higher degrees in gufm1.
As shown in the movie TransferGeomag.gif and reported in Table 2 , a pattern of alternating minima/maxima is a robust feature of the transfer spectra T n induced by the core flows. The period 1840-1910 is characterized by even maxima and odd minima T n , whereas the period 1955-1990 is reversed with odd maxima and even minima. The intermediate period is transitory with a relatively smooth T n pattern. Overall, the analysis of the core flows is much more complex than in the synthetic flows. Energy transfer occurs both locally and between non-neighbouring degrees. The ratio of local to non-local transfers is about ∼0.5 (Table 2) . Cascades are not continuous through long parts of the spectrum, but instead energy transfer in one direction is often interrupted by opposite direction of transport between neighbouring degrees. Most strikingly, rapid variations in T pn from one snapshot to another provide evidence for the strong time-dependence of core dynamics on short timescales.
Kolmogorov-like turbulent behaviour may arise in a statistical sense (Moffatt 1978) , so it is worth-while examining the timeaverage energy transfer. Following Amit & Olson (2010) , we search for time-averages of intervals that may highlight some trends in the behaviour of the energy transfer. Figs 9-11 show three time-averages of intervals characterized by different T n trends (see Fig. 8 and Table 2 ). In the time-average of the period 1840-1910, even maxima and odd minima dominate T n at intermediate degrees (Fig. 9b) . The lowest diagonal ( n = 1) is mostly negative (Fig. 9a) , that is, an inverse cascade transfers geomagnetic energy from high to low neighbouring degrees. The left column, in contrast, is characterized by positive structures, representing forward non-local transfer from the dipole mainly to degrees n = 3-4 and n = 6 (Fig. 9a) that results in the two peaks of T 4 and T 6 (Fig. 9b) .
In 1915-1950, both the lowest diagonal and the left column contain significant positive structures, so energy cascades forward through neighbouring degrees, but also energy is transferred from the dipole to higher degrees n = 3 and 5. The spectral region in between the lowest diagonal and left column contains some negative values, mostly due to energy transfer from n = 5 to n = 2-3 (Fig. 10a) . Overall, the forward energy transfer in both the lowest diagonal and the left column yield simultaneous dipole decrease and non-dipole increase at this interval (Figs 10b and 8) .
In the interval 1955-1990, the upper part of the transfer matrix is dominantly positive, the intermediate is mostly negative and the lower is once again positive (Fig. 11a ). Geomagnetic energy is transported from most of the spectrum to the high degrees, especially to n = 7. Energy leaves from intermediate degrees n = 4-6 to the rest of the spectrum. Dipole energy is transferred to degrees 2-3. The total transfer contains maxima in odd degrees and minima in even degrees (Fig. 11b) .
Finally, we wish to relate the spectral analysis with its origin in physical space. Holme et al. (2011) demonstrated that field 1840-1990. concentration in one hemisphere (eastern or western) corresponds to a spectrum dominated by even harmonics. The geomagnetic SV exhibits strong hemispheric dichotomy between the active Atlantic and the quite Pacific, which is thought to originate in thermal core-mantle coupling (Christensen & Olson 2003; Gubbins 2003) . The product of B r and SV, which is relevant forṘ n (4), has roughly the same hemispheric asymmetry, but with an opposite sign (because g 0 1 is negative). This is evident in the coincidence between minima of S n and maxima ofṘ n and vice versa (Figs 2b and c) . The alternating even/odd peaks of T n are therefore partially related to the Atlantic/Pacific SV dichotomy. However, the strong temporal evolution of T n seen in Figs 9-11 indicates that thermal core-mantle coupling alone cannot explain the observed spectral variations. Table 2 . Summary of core flows in 5-yr intervals for the period 1840-1990. The integrated dipole energy change by transfers within the observed spectrum is T 1 (N 8 1 ), and the rms absolute integrated change within the observed spectrum based on (5) 
D I S C U S S I O N
The analysis of the energy transfer in the synthetic flows shows that most energy transfers align on one diagonal, so the difference between dominant harmonics participating in the transfer n is nearly constant. Flows T m 2 and P m 1 are local, that is, energy is being transferred strictly between neighbouring harmonics and T pn is dominated by the lower diagonal (see n = 1 in Table 1 ). Poloidal symmetric flows P m 2 that were found efficient in generating dynamo action (Kumar & Roberts 1975; Gubbins et al. 2000a,b) are characterized by n = 2. Similar energy transfer was found in the analysis of the magnetic spectrum of a numerical dynamo model ). The magnetic energy transfers obtained by these low degree synthetic flows are in agreement with the selection rules of the Gaunt and Elsasser integrals (Bullard & Gellman 1954) , thus confirming the sensibility of our mathematical formulation and numerical scheme. The small-scale flow T 4c 5 shows deviations from a constant n and includes transfers between 2-4 degrees differences. Overall, the transfer induced by large-scale toroidal flows is more local than that generated by small-scale poloidal flows, in agreement with studies of MHD turbulence simulations that attributed local transfer to magnetic field advection and non-local effects to magnetic field stretching (Alexakis et al. 2007 ). Some single harmonic synthetic flows show magnetic energy cascade over most of the observed spectrum (Fig. 4) .
Of the nine synthetic flows studied here, the two axisymmetric poloidal flows seem to be the most efficient in producing energy transfer in general and dipole changes in particular (Table 1 ). The P 0 2 flow (case 3) has an equatorial source and polar sinks, so magnetic flux is advected from low-to high-latitudes and thus strengthening the axial dipole. Note that by simply changing the sign of the flow the opposite effect, in this case dipole decrease, is obtained. A Y 0 2 CMB heat flux heterogeneity was found to be very efficient in terms of increasing (or decreasing, depending on the sign) reversal frequency by attracting magnetic flux to the equatorial region and hence initiating dipole polarity transitions (Glatzmaier et al. 1999; Kutzner & Christensen 2004; Olson et al. 2010) . Our results therefore support the importance of the P 0 2 flow in obtaining rapid dipole changes. The axisymmetric poloidal P 0 1 flow is perpendicular to the equator, an unlikely feature in a rapidly rotating system as the Earth's core, so it is not geophysically relevant. This flow does not change the dipole dramatically, but the energy transfer of other degrees is large.
The phase of the flow may be very important for the energy transfer. Flows P 2c 2 and P 2s 2 interact differently with the present geomagnetic field, resulting in remarkably different energy transfers. Flow P 2c 2 is in-phase with the field in the northern hemisphere, advecting the two northern hemisphere high-latitude intense flux patches poleward and thus strengthening the axial dipole (Fig. 5c ) and causing overall strong energy transfers (Table 1 ). In contrast, flow P 2s 2 interacts with the southern hemisphere flux patches, but one patch is advected poleward while the other is advected equatorward, resulting in a weak dipole change and weaker energy transfers (Table 1) . A CMB heat flux pattern of Y 2 2 was found to be inefficient in reversing the dipole , perhaps because in a dynamically self-consistent system the vortices tend to correlate with magnetic flux patches and thus minimize the advection of these high-latitude features Finlay & Amit 2011) .
While toroidal flows seem less efficient than poloidal flows in inducing energy transfers, we recall that for comparison purposes all synthetic flows were set with identical amplitudes. In the Earth's core, most studies suggest that toroidal flows are much stronger than poloidal flows, possibly by about an order of magnitude (Finlay & Amit 2011) . Differences of about a factor of 2-3 between the more efficient poloidal flows to the less efficient toroidal flows (Table 1) are physically insightful, but in the geophysical context these differences could thus be overshadowed by the much larger amplitude toroidal flows in the Earth's core.
Alternating minima/maxima of T n is characteristic of turbulent magnetic energy cascades (Alexakis et al. 2005b) . Evidence for magnetic energy cascade is suggestive in the temporal variations of the geomagnetic energy spectrum (Voorhies 2004) , in particular in the form of moving peaks of successive R n structures with time (Amit & Olson 2010) . Our detailed inspection of the energy transfer between pairs of harmonics T pn shows a more complex behaviour. The magnetic energy cascade in case 4 indeed contains a pattern of alternating minima/maxima of T n (Fig. 4) . However, while such a Fig. 9 for the time-average of the interval 1955-1990. pattern of alternating minima/maxima of T n dominates most of the core flows, the energy transfer T pn is not exclusively local. In the period 1840-1910 (Fig. 9a) , an inverse cascade transfers energy from high to low degrees, but in addition non-local energy transfer occurs from the dipole to higher degrees. These opposing trends result in a relatively slow dipole decrease (see minimum in Fig. 1b during  this period) . Energy transfer from the dipole induces maxima of T 4 and T 6 , while inverse energy cascade from n = 5 to n = 4 gives a minimum at n = 5, thus resulting in the even maxima and odd minima T n pattern (Fig. 9b) . In the period (Fig. 11a) this T n pattern has reversed. Magnetic energy is transferred from intermediate degrees 4 − 6 to lower and higher degrees, yielding maxima in T 5 and T 7 and minima in T 4 and T 6 (Fig. 11b) . In between, a short transition period between 1915 and 1950 is characterized by a relatively smooth T n spectrum (Fig. 10b) . This transition period exhibits a forward energy cascade and non-local energy transfer from the dipole to higher degrees (Fig. 10a) , giving the fastest dipole decrease (Figs 1b and 8) . The above-mentioned analysis shows that some caution is required when interpreting alternating minima/maxima T n as an energy cascade. Indeed, when one pair of minimum/maximum appears, the most likely scenario is local transfer (see Fig. 12a following fig. 1 of Mininni 2011). However, multiple minima/maxima T n , as typically found in the transfer spectra induced by the core flows (Figs 9 and 11 ), may arise due to either local or non-local transfers. In that case the solution is non-unique (Amit & Olson 2010) . Consider the example in Fig. 12b where the T n pattern contains minima in degrees n and n + 2 and maxima in degrees n + 1 and n + 3. The cascade scenario would suggest forward energy transfer from n to n + 1 and from n + 2 to n + 3. However, alternative scenarios are also possible, for example, non-local forward transfer from n to n + 3 and local inverse transfer from n + 2 to n + 1. Tracking the transfer between each pair of degrees using the T pn matrix reveals the actual paths of energy. Our T pn solutions obtained from the core flows show a rich behaviour with both local Kolmogorov-like and non-local transfers.
Tracking magnetic energy transfer may shed light on the kinematics of the historical geomagnetic dipole moment decrease. Fig. 8 shows that dipole SV differs from temporal variations of higher harmonics in the larger differences among the T n (N 8 1 ), T n (N 8 1 → N 1 ) andṘ n curves. This suggests that magnetic diffusion may play a more important role in the dipole evolution (Holme & Olsen 2006) . The growth of reversed flux patches on the CMB by radial magnetic diffusion (Chulliat & Olsen 2010 ) has indeed been interpreted as a major cause for the dipole decrease (Gubbins 1987; ). Dipole SV is sometimes underestimated by core flow inversions (Jackson 1997) , possibly because the inversions cannot mimic the effects of magnetic diffusion SV (Whaler & Davis 1997; Holme 2007) . The increasing difference between T 1 andṘ 1 in the past several decades (Fig. 8 ) may suggest that dipole decrease by core flow has recently been relatively slow, and alternatively an increase in the rate of magnetic flux expulsion took place. The smaller differences among the three curves for the higher harmonics provide confidence in the overall interpretation of the energy transfer. Amit & Olson (2010) argued that forward cascade with strong time-variability in the dipole family may explain the axial dipole decrease, while a much steadier inverse cascade governs the quadrupole family. However, their calculations rely on a local transfer assumption, which we find only partially valid. Our analysis shows that the direction of energy cascade may vary, but non-local energy transfer from the dipole to higher degrees seems more persistent. Integration over the entire observed spectrum shows that the contribution of non-local transfer is typically twice larger than that of local transfer (Table 2 ). Based on these findings, explaining the temporal changes in the geomagnetic spectrum by a strictly local energy transfer seems unsatisfactory.
The time-average for the entire period 1840-1990 resembles the time-average over the transitory interval (Fig. 10) with both forward energy cascade from low to high degrees and non-local energy transfer from the dipole to higher degrees. The reversing trends of alternating extrema, from even maxima and odd minima between 1840 and 1910 ( Fig. 9) to odd maxima and even minima between 1955 and 1990 (Fig. 11) , cancel each other in the timeaverage of the entire period . It is unknown how long the first phase persisted prior to 1840. It is possible that currently the geodynamo is at the beginning of a long period of odd maxima and even minima T n with relatively small contributions of core flow to the geomagnetic dipole decrease.
A C K N O W L E D G M E N T S
HA thanks Coerte Voorhies for encouraging to test the local transfer assumption. We thank Peter Olson, Benoit Langlais, Gaël Choblet and Thierry Alboussière for insightful discussions. We are grateful to Bruce Buffett and an anonymous reviewer for constructive comments that significantly improved the paper. This study was supported by the Centre National d'Etudes Spatiales (CNES).
R E F E R E N C E S
Alexakis, A., Mininni, P. & Pouquet, A., 2005a 
